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Abstract—Considerable research effort has been focused on
the translation of non-binary CSP into an equivalent binary
CSP. Most of this work has been devoted to studying the
binary encoding of non-binary CSP. Three encodings have been
proposed, namely dual encoding, hidden variable encoding and
double encoding. Unfortunately, such encodings do not allow to
use some properties and interesting results defined only for the
binary case. Another approach consists in the transformation of
each non-binary constraint into a set of binary constraints: the
CSP obtained is called primal. Unfortunately, this transformation
does not preserve satisfiability.

In this paper, we propose some conditions under which a
non-binary constraint can be decomposed into a set of binary
constraints while preserving satisfiability. An experimental study
proves that our approach is not artificial since some ternary
benchmarks can be transformed into equivalent binary instances
and effectively solved by MAC.

I. INTRODUCTION

Many real-world problems can be expressed as non-binary
constraint satisfaction problems [1] (CSP for short). It is
well known that a non-binary instance can be translated
in polynomial-time into a binary instance. This conversion
permits us to use nice properties defined exclusively for binary
instance. Moreover, from a solving viewpoint, much more is
known about solving binary instances, more tractable classes
are defined, more mergings and substitutions can be applied,
more useful heuristics and algorithms are known, etc (see [2]).

To translate a CSP instance, there are mainly two general
approaches: either by using a binary encoding such as dual
encoding [3], hidden variable encoding [4] or double encoding
[5], or else by converting (we also say decomposing) each non-
binary constraint into a set of binary constraints [3]. The first
approach consists in defining new binary constraints without
converting the original constraints. It uses the binary encod-
ings, based on some known graphical representation of non-
binary instance to obtain an equivalent binary instance without
decomposing any constraint (or its associated relation). Un-
fortunately, none of them can explicitly use certain interesting
properties, such as substitution and interchangeability [6] or
others on tractability and consistency defined exclusively for
binary instances, and this is because of the non-conversion
of non-binary constraints. Indeed, enforcing some consistency
[7] or proving the tractability [8] of non-binary instances
is often NP-hard. The second approach aims to decompose
all non-binary constraints into a set of binary constraints.

Unfortunately, the instance obtained after decomposing its
constraints, called primal, is not equivalent to the initial.

Recently, some research has shown the interest of using the
binary encoding from a graphical viewpoint [9]. Indeed, the
microstructure! of a non-binary instance requires logically the
use of hypergraphs while binary instance may be represented
by simple graphs. We also know that the literature of Graph
Theory is more developed than that of Hypergraph Theory.
In addition, several properties, like acyclicity and degree, are
more simple to be checked on graphs than hypergraphs. On top
of that, other works have proved that extending some tractable
classes to non-binary CSP can be efficiently realized thanks
to the microstructure based on binary encodings [11]. This
taskremains difficult to achieve according to the definition of
Cohen [12], which is based on the hypergraph complement
and which does not refer to binary encodings and it has not
been used beyond the binary case.

In this paper, we describe a theoretical study on the decom-
position of non-binary constraint into a set of equivalent binary
constraints. So we will identify conditions on the constraint
relations in order to guarantee equivalence between initial
and modified problems. Firstly, we will refer to Relational
Database Theory to describe the first value combinations
which allows or forbids the decomposition of a constraint into
a set of binary constraints. For the ternary case (a constraint
having arity three), we will show that such a constraint
can be decomposed into two binary constraints. After that,
we propose a second condition which allows, if it holds,
to decompose a non-binary constraint into a set of binary
constraints. For the ternary case, such a constraint can be
decomposed into three constraints.

In the next section, we will recall some definitions and
notation which will be used throughout this paper. In sections
three and four, we introduce two rules to decompose a non-
binary constraint into a set of binary constraints (or not
binary constraints but of arity less than that of the original
constraint) without loss of satisfiability. In addition to some
theoretical results, we check the applicability of our study in
practice on a set of benchmarks which are classically used
to compare solvers. Moreover, we show that our two rules
are incomparable. Before concluding, we establish the link

I'The micro-structure [10] of a binary instance I, denoted p(I), is the graph
whose the vertices are the (variable, value) pairs and the edges represent the
compatibilities between the vertices.



between our rules and some previous works notably on global
constraints.

II. BACKGROUND

Constraint Satisfaction Problems provide an important tool
to express and solve many real problems in Artificial Intel-
ligence and Operational Research. Formally, a CSP instance
can be defined as below:

Definition 1 (CSP instance): A CSP instance is a triple
I=(V,D,C),where V = {Vq,...,V,,} is a set of n variables,
D = {Dy,...,D,} is a set of finite domains containing at
most d values, one for each variable and C' = {C4,...,C.}
is a set of e constraints. Each constraint C; is a couple
(S(Cy), R(C;)) where:

« S(C;) ={Vi,,..., Vi, } CV, is the constraint scope,

« R(C;) C Dy, x ... x Dy, , is the constraint relation

which allows 7 tuples.

We assume that each variable is at least in the scope of one
constraint and there is no two constraints with the same scope.
|S(C;)| is the arity of the constraint C; (i.e. the number of
variables in the constraint scope) and it will be denoted a;. An
instance is said to be binary if the arity of each constraint is
two (in this case, we denote C;; the constraint with S(C;;) =
{Vi, V;}), otherwise it is non-binary (n-ary or of arbitrary
arity). An instance is fernary instance when the arity of each
constraint is less than or equal to three.

We continue with the following notations which are neces-
sary for the rest.

Notation 1 (tuple and relation projection): Given a con-
straint C;, a tuple ¢t € R(C;) and a set of variables
{‘/'Ll""7‘/'ik} c S(OT) t[{vhvvvw}] = (vj €t |
V; € {Vi,,...,Vi,}) is the projection of the tuple ¢ onto
Vi, Vi b RCOViy, -, Vi 3 = {tl{Vays - Vi M [ £ €
R(C;)} is the projection of R(C;) on {V;,,...., Vi }

Notation 2 (constraint restriction): Given a constraint C},

Cil{Viy, ..., Vi, }] is the restriction of C; on {V;,,...,V;, } (C
S(C;)). If we denote Cy = C;[{V;,,..., Vi, }], then S(Cy) =
{‘/;15 ) Vlk} and R(C@) = R(Cl)[{vh’ ey Vlk}]
Given a CSP instance I, solving I consists of finding a
solution, i.e. assigning one value per domain for each variable
without violating any constraint. This problem is known to be
NP-hard even for the binary case.

A CSP instance can be graphically represented by an hyper-
graph (a graph in the binary case) where the vertices are the
variables and the hyperedges are the constraint scopes. In [3],
the authors introduced a new method to convert a non-binary
instance into a binary instance in order to represent it by a
graph. Unfortunately, this transformation does not preserve sat-
isfiability, i.e. the set of solutions of the initial instance is not
necessary equal to the set of the transformed instance. Figure
1 shows that three constraint relations (R(C;;),R(Cjx) and
R(Ck)), obtained after translating the non-binary constraint
Cy, allow the assignment (v}, v;, vx;) which is not allowed by
R(Cy). Thus, this translation does not preserve satisfiability.
In the next sections, we propose two conditions to decompose
a constraint while preserving satisfiability.

R(Cy) R(Cij) | R(Cjk) | R(Cir)
Vil Vil Vk Vi'Vj Vi Vi Vi Vi
(Y vj Vg Vi Uy Vj Vg V; Uk
vi | vy | g vivg | v v | v v
v | v | vk v V) vl g vl vg

Fig. 1. A non-binary constraint relation R(C}) translating into three con-
straint relations (R(C';), R(Cji) and R(Cjy)).

III. DECOMPOSITION BASED ON MULTIVALUED
DEPENDENCY

In this part, we will illustrate the first rule, based on
multivalued dependency, for decomposing constraints while
preserving satisfiability?. In Relational Database Theory, the
concept of multivalued dependency was introduced by Fagin
in [13] in order to eliminate some redundancies in relation
which are allowed by Boyce-Codd normal form ([14]). If
a given relation satisfies multivalued dependency, then it is
decomposable into two of its projections without loss of
information. Here, we will apply this rule on a non-binary
instance in order to obtain a binary instance for the reasons
given in the Introduction. First, we will start by the ternary
case before generalizing the result to non-binary instances.

A. Decomposition of ternary constraints

We briefly redefine multivalued dependency using the CSP
formalism. We only consider ternary instances.

Definition 2 (multivalued dependency [13]): Given a con-
straint Cp with S(Cp) = {V;,V;,Vi}, we say that Cy
satisfies the multivalued dependency (MvD) (we also say
V; multidetermines V;,V; and we denote V; — V;, Vi) if
You; € Di,Vv‘j,v; € D; (v; # v;-) and Yoy, v}, € Dy, (v # v},)
such that

o (v;,v5,v,) € R(Cy)

e (vi,v},v;,) € R(Cy)
then,

* (vi,vj,v) € R(Cy) and

* (vi,vj,v;,) € R(CY)

A ternary instance I = (V,D,(C) satisfies the multivalued
dependency if each ternary constraint Cy € C' satisfies MvD.

We now are able to introduce the first rule of decomposition.
This rule allows the decomposition of constraint C, with
(S(Cr) = {Vi,V;,Vi}) with respect to V; into two binary
constraints. The constraint relation of each one is equivalent
to the projection of the ternary constraint on {V;,V;} and
{Vi, Vi }.

Theorem 1: Given a constraint Cp, with S(Cy) =
{Vi,V;, Vie}, if V; = V;, Vi, then Cy can be decomposed into
two constraints C;; and C;;, while preserving satisfiability.
Proof: (by contradiction) Let C; be a constraint of arbitrary
arity with S(Cy) = {V;,V;, Vi } such that V; — V;, V;,. We

2A decomposition rule preserves satisfiability if each assignment A of
values to variables in the scope of original constraint is consistent if and
only if A does not violate any constraint obtained after decomposition.



will prove by contradiction that MvD preserves satisfiability.
Suppose that there is an assignment A that does not violate
C;; and Cj, but does not satisfy the original constraint Cp.
If we denote A as (v;,vj,vx), we can obtain the following
relations:

o (v5,v5) € R(Cyj) (),

o (vi,vx) € R(Cix) (ii) but

o (Vi,v5,v5) ¢ R(Cg) (iii).

In this case,

o (i) = 3t, € R(Cy) such that tz[{ 5 Vit = (vi,v5).

o (i) = Ht € R(Cy) such that t][{V;, Vi.}] = (vi, vg).
So, there is a v; € Dj, v, € Dy, with v;- # vj, V), # Ug,
ty[{Vi}] = v, and ¢/ [{V;}] = v. In this case, t{ = (vi, v, v},)
and t; = (vi,ug,vk). But we supposed that V; — V;, Vj so
we must have (v;,vj,vr) € R(Cy) and (v, v}, vp) € R(Cy)
(by definition of MvD), which contradicts our assumption
(iii). Thus, this rule preserves satisfiability. O

In practice, this property can be checked in polynomial time
and there is an algorithm (Algorithm 1) in O(er?) (O(r?)
for each constraint) to verify if a given instance could be
transformed in binary instance with respect to this rule. To
decompose such a ternary constraint, we just need O(r) to
achieve it (O(er) to decompose all constraints).

Algorithm 1: check whether an instance is MvD

function CHECK_DECOMPOSITION(I = (V, D, C): CSP
instance): Boolean
foreach C, € C with S(Cy) = {V;,V;,V}} do
if (not Check_Constraint(Cy,V;, Vi, V) and
(not Check_Constraint(Cy,V}, Vi, Vi) and (not
Check_Constraint(Cy,Vy, V;,V;)) then
L return false

return true
end function
function CHECK_CONSTRAINT( Cy: Constraint,
Vi, Vj, Vi: Variable): Boolean
for t,,t) € R(Cy) with t,[{V;}] = t;[{Vi}] do
if ((t,[{V;}] # t;[{V;}]) and
(te{Vi}] # t;[{Vk}])) then
it (((t{Vi}], t3[{V5}], tel{Vi}]) € R(Ce))
or ((te[{Vi}], te[{V;}], t[{Vi}]) & R(C))) then

return false

return true
end function

As a consequence, a new hidden [15] tractable class of
bivalent’ instances can be defined:

Property 1: The class of ternary bivalent CSP instances
which satisfy the multivalued dependency is tractable.
Proof: By definition [16], to define a tractable class we need
to determine two polynomial algorithms, one for recognition
and the second for solving. As mentioned above, O(er?) is

3 A CSP instance is said to be bivalent (respectively trivalent) if the size of
all variable domains is less than or equal to two (resp. three).

sufficient to check whether a given ternary instance satisfies
multivalued dependency. For resolution, we firstly need
O(er) to decompose all ternary constraints and the obtained
binary bivalent instance is tractable [17] (O(n3d?) to enforce
path consistency [18] which will imply a globally consistent
instance [17]). O

We performed an experimental study on 701 ternary bench-
marks of the CP competition* to show the applicability of
our approach in practice. We obtained in total results for
581 instances. We must point out that our library does not
cover global constraints and we set one hour for each instance
to achieve the test. 72 ternary benchmarks were detected
as being able to be converted into binary instances. The
families of these benchmarks are: pseudo/primeDimacs,
pseudo/par, pseudo/garden and pseudo/aim. We
also note that all of them belong to the tractable class
defined in Proposition 1. Furthermore, MAC [19] applied to
these converted benchmarks (obtained after decomposition)
was more efficient than MAC applied to the original version
(decomposition time included)’.

B. Decomposition of constraints with arbitrary arity

We now generalize this rule and we start intially with a
first definition allowing the decomposition of a non-binary
constraint Cy into two constraints of arity less than a,. To
do so, we need to introduce the following notation:

Notation 3: We denote by V7 a subset of a; variables of V/
Vi Vi, } V1 <k < ap, Vi, € V}). v denotes a tuple
(Viy s .., V4, ) containing one value for each variable in V7.

This notation is necessarily to extend the previous result to
the general case.

Definition 3 (general multivalued dependency [13]): Given
a constraint C'y with arbitrary arity, we say that C, satisfies
general multivalued dependency (GMvD) if there are three
disjoint subsets {V;,Vy, Vi } with S(Cy) = V; UV, U Vk}
such that Yv; € R(Cy)[Vi],Yvs,v; € R(Cy)[V;] and
Vg, v € R(Cy)[Vk] if

o (vr,v7,vK) € R(CY)

o (vr,v],v) € R(C)

Then,

o (vr,v,vk) € R(Cy) and

o (vr,v7,V%) € R(C))

A non-binary instance I = (V,D,C) satisfies the general
multivalued dependency if each non-binary constraint Cy € C'
satisfies GMvD.

Semantically, a constraint Cy satisfies GMvD if there are
two non-disjoint subsets of variables X,Y C S(Cy) such
that R(Cy) is the join of R(Cy)[X] and R(Cy)[Y]. Clearly,
satisfying GMvD allows the decompostion of the constraint
into two constraints Cy[X] and C;[Y] while preserving satis-
fiability.

“4see http://www.cril.univ-artois.fr/CPAIO8 for more details.
5Some of these results were verified with Abscon (for more details see
http://www.cril.univ-artois.fr/~lecoutre/software.html).



Property 2: Given a constraint C; with arbitrary arity, if

there are three disjoint subsets V7, V; and Vx with S(Cy) =
Vi UV;U Vg such that V; — V;, Vi, then Cy can be
decomposed into two constraints Cy[V; U V] and Cy[V; U V]
while preserving satisfiability.
Proof: (by contradiction) Let C; be a constraint of arbitrary
arity which satisfies GMvD. We will prove by contradiction
that GMvD preserves satisfiability. We suppose that there is
an assignment A which does not violate any new constraint
(obtained after decomposition) but does not satisfy the original
constraint Cy. As Cy is GMvD, there are three disjoint subsets
Vi, Vj and Vi such that S(Cy) = Vi UV; U Vg and Vi —»
Vj, Vi. In this case, we can express A as (vr, vy, vk). Since
A violates Cy, there are two tuples ¢; and to in R(Cy) such
that

o tl[V]] =y, tl[VJ] =vyJ and tl [VK] = U}(,

o to[Vi] = vp, t2[Vy] =0/ and t5[Vi] = vk.

We can point out that v must be different than v, (the same
is true for v; and v’)) otherwise A does not violate Cy. In this
case, we have

o (vr,v7,V)) € R(Cy)

e (vr,v},vK) € R(Cy)
and by definition of GMvD, we necessarily have

e (vr,v;5,vK) € R(Cy) (1) and

o (v, v%) € R(Cy) (2).

Finally (1) contradicts our assumption. Hence decomposition
of constraints which satisfy GMvD preserves satisfiability. O

Example 1: Let Cy; be a constraint with arity 4 with
associated relation R(Cy). By considering

° VI = {‘/;7‘/771}’
e V;={V;} and
o Vi ={Vi},

C, satisfies GMvD, so it is decomposable into two constraints
Cy and C}/ with arity 3 (S(C)) = {V;UV,,,UV;} and S(C}) =
{V; UV, UVy}). Tables below represent the relations R(Cy),
R(C}) and R(CY).

, R(CY) R(CY)

Vi | Um | v | v ViV Vi | Vi Vi Vi
(% Um VU Vg Vi Um, Uy Vi Um Vg
Vi | Um | V)| vy Vi Uy U | Vi Uy U,

J
!, 1.,
Vi Um Yj Vi U Yk

~
~

One can easily observe that the new constraints obtained after
decomposition will have an arity less than that of the original
constraint.

For ternary instances, when a constraint satisfies the mul-
tivalued dependency we deduce that it is decomposable into
two binary constraints. Similarly here, we will show that when
a constraint Cy (with S(Cy) = V; U V; U Vi) satisfies the
decremental multivalued dependency, then it decomposable
into a set of binary constraints.

Definition 4 (decremental multivalued dependency): Given a
constraint Cp with ay > 3, we say that C} satisfies decremental
multivalued dependency (DMvD) if
1) there are three disjoint subsets V7, V; and Vi such that
S(Cy) = ViIUV;UVEk and C; satisfies the GMvD V; —
Vi, Vi

2) if ar +ay > 3 then Cy[V; U Vy] satisfies DMvD

3) if a; + ax > 3 then C,p[V; U V] satisfies DMvD.

A non-binary instance I = (V, D, C) satisfies the decre-
mental multivalued dependency if each non-binary constraint
Cy € C is DMvD.

We have to show that being DMvD allows a constraint
to be replaced by a set of equivalent binary constraints. As
mentioned in the previous definition, the constraint C, will
be decomposed with respect to Proposition 2. In other words,
we start by decomposing C into two constraints and we will
recursively decompose the obtained constraints until obtaining
binary constraints.

Theorem 2: if a constraint C, is DMvD, then it can be

decomposed into a set of binary constraints while preserving
satisfiability.
Proof: (by induction) It is clear that DMvD is defined recur-
sively with respect to GMvD. We will prove by induction for
all a, that if constraint C, satisfies DMvD, then it can be
decomposed into a set of binary constraints while preserving
satisfiability.

« Base case: for a; = 3, we have shown in Theorem 1 that

decomposing MvD constraints preserves satisfiability.

o Induction step: we suppose that the satisfiability is
preserved for ay < p—1 and we will prove that it remains
so when ay = p. As Cy is DMvD, it is decomposable into
two constraints Cj and C}/ while preserving satisfiability,
and each one has an arity less than p. We supposed that
when a constraint is DMvD and its arity is less than p, it is
recursively decomposable into a set of binary constraints
while preserving satisfiability.

We conclude that DMvD preserves satisfiability whatever the
arity of the constraint. O

The constraint Cp of Example 1 is DMvD because it is
GMvD and both Cy[V; UV;] and C,[V; UVk] have arity three
and they satisfy DMvD.

We now show that this property can be checked in
polynomial-time for a given partition of variables.

Property 3: Given a constraint Cy and three disjoint variable
subsets V7, V; and Vi such that S(Cy) = V;UV;UVk, check-
ing whether V; — V;, Vi can be achieved in polynomial-time.
Proof: When we have a three disjoint subsets of variables,
we just need O(ay.72.log(r)) to check whether a constraint
satisfies DMvD:

o 72 to list all the tuples,

« log(r) to check if each tuple belongs to the constraint

relation

e ay or more precisely ay — 2 to apply recursively the test

on the new constraints
The complexity of decomposition is O(r.a?) :



o 7 to list all the tuples of CY,
e a? or more precisely as(a; — 1)/2 which equals the
maximal number of binary constraints.
Thus, checking whether a constraint satisfies DMvD and then
decomposing it can be achieved in polynomial-time. O

We also can define a strong form of multivalued depen-
dency, as follows:

Definition 5 (strong multivalued dependency): Given a con-
straint Cy with ay > 3, we say that Cy satisfies strong mul-
tivalued dependency (SMvD) if for all three disjoint subsets
V1, Vj and Vi such that S(Cy) = Vi UV;UVik , C; satisfies
DMvD. A non-binary instance I = (V,D,C) satisfies the
strong multivalued dependency if each non-binary constraint
Cy, € C is SMvD.

Obviously we can establish the link between the three forms
of multivalued dependency.

Corollary 1: If a constraint C, satisfies SMvD, then it

satisfies GMvD and DMvD.
Before concluding this section, make some observations.
When a constraint is not decomposable with respect to a subset
Vi we cannot deduce anything about the decomposition with
respect to V; or V. We also note that if a given constraint is
decomposable with respect to V; and V;, we cannot deduce
anything about decomposition with respect to Vi.

IV. DECOMPOSITION BASED ON INTERDEPENDENCY

We now introduce the second rule, called interdependency,
which also guarantees decomposition without loss of satis-
fiability. This rule will permit us to decompose a ternary
constraint into three binary constraints.

A. Decomposition of ternary constraints

We first define interdependency and then briefly review the
decomposition of constraints based on this definition.

Definition 6 (interdependency): Given a constraint C;, with
S(C¢) = {V;,V;,Vi}, we say that C, satisfies interdepen-
dency (ID) (we also say that V;, V; and V}, are interdependent)
if Yo; € D;,Vvj,v; € Dj (v # vj) and Yog, v, € Dy
(vg # v},) such that

o (v;,v5,v;) € R(Cy)

o (vi,vj,v;) € R(CY)
then, there is no v, € D; \ {v;} such that

o (vj,vj,v) € R(Cy) or

i (U Ujvvk) € R(CE)

A ternary instance I = (V, D, C) satisfies interdependency if
each ternary constraint Cy € C satisfies ID.

In other words, a constraint Cy with S(Cy) = {V;,V;, Vi}
satisfies ID if all combinations of two couples of values
(vj,vg) and (v;-,vfc) which are compatible with v; € D;
depend only on wv;, i.e. (v;,vk) and (v;,v;) must only be
compatible with v;. Similarly for any two couples (v;, v) and
(v}, vy,) (respectively (v;, v;) and (v}, v%,)) which are compatible
with such a v; (resp. vg).

Theorem 3 tells us the relationship between interdependency
and decomposition.

i) j

Theorem 3: Given a constraint C, with S(Cy) =
{Vi, V;, Vi }, if V;, V; and Vj, are interdependent then C, can
be decomposed into three binary constraints C;;, Cy, and Cjy,
while preserving satisfiability.

Proof: (by contradiction) Let C; be a constraint with S(Cy) =
{V4,V;,Vi} such that V;, V; and V}, are interdependent. We
will prove by contradiction that ID preserves satisfiability.
Suppose that there is an assignment A which does not violate
Cij;, Cj, and Cy, but does not satisfy the original constraint
Cy. If we denote A as (v, v, vk), we can obtain the following
relations:

o (vi,v5) € R(Cij) (a),
. vavk) R(Cy) (b) and
(

v;,v) € R(Cjx) (c) but
o (vi,v5,v;) € R(C’g) (d).

For this,

e (a) = dty € R(Cg) such that tg[{Vi, VJ}] =
o (b) = 3t, € R(Cy) such that t}[{V;, Vi, }] =
o (¢) = 3t/ € R(Cy) such that t]/[{V;, Vi }] =

(vi,vj).
(vi, vi).
(vj,vk).

So, there are a v; € D;, v} € D; and v), € Dy, with v} # v;
v} # vj, v, # vg such that t[{Vi}] = vy, t[{V;}] = v} and
t/[{Vi}] = v}. In this case,

o tp = (v;,v5,0),
o ty = (vi,v},vy) and
b tZ = (U’L vj7vk)

But we supposed (by definition of ID) that V;, V; and Vj
are interdependent so we must have (v,v;,vr) ¢ R(Cy)
and (vj, v}, v;) ¢ R(Cy) which is impossible. Thus, this rule
preserves satisfiability. O

Contrary to multivalued dependency, interdependency is
symmetric, i.e. if a given constraint Cy with S(Cy) =
{Vi, V}, Vi } satisfies it with respect to V;, then it also does
with respect to V; and V. Thus, we are not required to
check the decomposability of a given constraint with respect
to each variable in the scope, we have only to check if it is
decomposable with respect to a single variable.

In practice, we can check whether the variables in the scope
of a given constraint are interdependent in O(dr?) and if the
property holds we need a time complexity O(r) to decompose
this constraint. This leads us to the following proposition.

Property 4: The class of ternary bivalent instances which
satisfy interdependency is tractable.

Proof: Similar to the proof of Proposition 1. O

From an experimental viewpoint, all benchmarks which
are decomposable based on multivalued dependency are also
decomposable based on interdependence in addition to some
other instances from families primes—-20 and primes—-30.
All these instances satisfy either the tractable class described



in Proposition 4 or BTP® [20] or DBTP’ [11]. Moreover, the
obtained binary instances are effectively resolved by MAC.
For some other instances belonging to dubois, pret
and primes, all the ternary constraints except one were
successfully converted into binary constraints. Overall, we
managed to convert 86 benchmarks of all 581 considered
ternary benchmarks (which represents nearly 14% of the total).

B. Decomposition of constraints with arbitrary arity

In this section, we will generalize the definition of interde-
pendency and obviously the decomposition concept related to
this definition.

Definition 7 (general interdependency): Given a constraint
C, with arbitrary arity, we say that C} satisfies general
interdependency (GID) if there are three disjoint subsets
{V[,VJ,VK} with S(Cg) = Vi UV;UVk and if Yv; €
R(Cﬂ)[VI],VUJ,Uf] € R(Cy)[Vy] and VUK,U/K € R(Cy)[Vk]
such that

[ (’U],’UJ,UK) S R(O[)

o (vr,v),v%) € R(Cy)
then, there is no v} such that

o (v},v,vK) € R(Cy) or

i (U/Iv vJ, U/K) € R(Cl)

A non-binary instance I = (V, D, C) satisfies general interde-
pendency if each non-binary constraint C; € C satisfies GID.

As for general multivalued dependency, a constraint Cp
whose scope can be divided into three disjoint interdependent
subsets can be decomposed into three constraints whose arities
are less than that of CY.

Theorem 4: Given a constraint Cy, if there are three disjoint

subsets of variables V;,V; and Vi such that S(C,) =
ViUV;UVk and V7,V; and Vi are interdependent, Cy is
decomposable into the constraints Cy[V7 U V], Ce[Vy U Vi]
and Cy[Vr U V| while preserving satisfiability.
Proof: (by contradiction) Let C;, be a constraint of arbitrary
arity which satisfies GID. We will prove by contradiction that
GID preserves satisfiability. Suppose that there is an assign-
ment .4 which does not violate any new constraint (obtained
after decomposition) but does not satisfy the original constraint
Cy. As Cy is GID, there are three disjoint subsets V7, V; and
Vi with S(Cy) = V7 U V; U Vi which are interdependent
and in this case we can express A as (vy, vy, vg). A violates
CYy, so there are three tuples ¢1, t5 and t3 belonging to R(Cy)
such that

o tl[V]] =y, tl[VJ] =vyJ and tl [VK] = 1}}( (1),

o to[Vi] = vr, t2[Vy] =0/ and t2[Vk] = vk (2),

o tg[V]] = 1}}, t3 [Vj] =g and t3[VK] = VK (3)

A binary instance I = (V, D, C) satisfies the Broken Triangle Property
(BTP) with respect to the variable ordering < if, for all triples of variables
(Vi,Vj, @) such that V; < V; < Vi, such that (v;,v;) € R(Cjj),
(vs, vk) € R(Cyx) and (vj,v;) € R(Cjy), then either (v;,v},) € R(Cir)
or (vj,vy) € R(Cjk). Let BT'P be the set of the instances for which BTP
holds with respect to some variable ordering.

7An instance I with arbitrary arity satisfies the Dual Broken Triangle
Property (DBTP) with respect to the constraint ordering < iff the dual of
1 satisfies BTP with respect to <.

Note that v; must be different to v} (similarly for v, vk and
v';, i) otherwise A does not violate C. In this case, we have
) (UL vy, U/K) S R(Cg)
o (v1,v,vK) € R(Cy)
and by definition of GID, there is no U’I = vy such that
o (v5,v5,vK) € R(Cy) (a)
Finally (a) is violated by (3). Hence decomposition of
constraints which satisfy GID preserves satisfiability. O

Example 2: Let Cy be a constraint of arity four and R(C})
its associated relation. By considering

o Vi = {Vi}. Vs = {V}} and

o Vk = {Vin,Vi},
Cy satisfies GID, so it is decomposable into three constraints
C), C} et C/. Tables below represent their associated rela-

tions R(Cy), R(C}), R(C}) et R(C}").

! 1

R(Cy) R(Cij) | R(C)) R(CY)
‘/i V] ‘/m Vk ‘/z 7 ‘/z ‘/m Vk Vj Vtm Vk:
V; Uj Um Vi V; Uy Vi Um Vg Vj Um Vg
!/ / ! !/ !/ /! ! ! /
(% ’Uj U Vg (U ’Uj Vi Uy, Vg Uj U Vg

! ! / / ! / ! ! /

v; Uj U Vk v; ’Uj U; Uy, Uk 'Uj Uy, Uk

Unfortunately GID does not guarantee the decomposition
of a non-binary constraint into a set of binary constraints. For
this, we introduce Decremental Interdependency.

Definition 8 (decremental interdependency): Given a con-
straint Cy with ay > 3, we say that C, satisfies decremental
interdependency (DID) if

1) there are three disjoint subsets V7, V; and Vi such that
S(Cy) = ViUV UVk and Cy satisfies GID

2) if ar + ay > 3 then Cy[V; U V] satisfies DID

3) if ay + ax > 3 then Cy[V; U V] satisfies DID

4) if ay + ax > 3 then Cy[V; U V] satisfies DID.

A non-binary instance I = (V, D, () satisfies decremental
interdependency if each non-binary constraint Cy € C' is DID.

We now prove that being DID is sufficient to decompose
a non-binary constraint into a set of equivalent binary con-
straints. As mentioned in the above definition, the constraint
C, will be decomposed according to Proposition 4. In other
words, we start by decomposing C; into three constraints and
we recursively decompose the new constraints until we obtain
binary constraints.

Theorem 5: if a constraint C, is DID, then it can be

decomposed into a set of binary constraints while preserving
satisfiability.
Proof: (by induction) It is clear that DID is defined recursively
with respect to GID. We will prove by induction for all a, if
a constraint C satisfies DID, it can be decomposed into a set
of binary constraints while preserving satisfiability.

« Base case: for ay = 3, we have shown in Theorem 3 that
decomposing ID constraints preserves satisfiability.

« Induction step: we suppose that satisfiability is preserved
when a; < p — 1 and we prove that it remains so when
ag = p. As Cy is DID, it is decomposable into three



constraints Cy[V; U V], Co[V; U V| and Cy[V; U V]
while preserving satisfiability, and each one has arity less
than p. We supposed that when a constraint is DID and
its arity is less than p, it is recursively decomposable into
a set of binary constraints while preserving satisfiability.

We conclude that DID preserves satisfiability whatever the
arity of the constraint. O

Returning to Example 2, the constraint Cy satisfies DID
because it satisfies GID and Cj and C} are of arity three and
satisfy DID.

As for testing the above rule, given a partition of the
variables in the constraint scope S(C;) into three disjoint sub-
sets, checking whether this partition makes the three subsets
Vi, Vj and Vi decremental interdependent can be realized
in polynomial time. Decomposing C; can also be done in
polynomial-time.

Property 5: Given a constraint Cy and three disjoint subsets
Vi,V and Vi such that S(Cy) = V; UV, U Vk, checking
whether V7, V; and Vi are decremental interdependent can
be achieved in polynomial-time.

Now consider the strong form of interdependency.

Definition 9 (strong interdependency): Given a constraint Cy
with a, > 3, we say that C; satisfies strong interdependency
(SID) if for all three disjoint subsets V7, V; and Vi such that
S(Cy) = Vi UV; U Vg, we have Cy satisfies DID. A non-
binary instance I = (V, D, C) satisfies strong interdependency
if each non-binary constraint Cy € C is SID.

In the rest of this section, we want to define when a
constraint is decomposable whatever the three disjoint subsets
V], VJ and VK.

Definition 10 (perfect decomposition): Given a constraint
Cy, Cy is perfectly decomposable if for all three disjoint
subsets V7, V; and Vi such that S(Cy) = V; U V; U Vg,
Vi, V; and Vi are general interdependent.

We show that any perfectly decomposable constraint has an
important property which will be used later.

Lemma 1: Given a constraint CY, all three disjoint subsets

Vi, Vy and Vi such that S(Cy) = V; U Vy; U Vi are
interdependent, if and only if, for all V; € V7, V; € V; and
Vi € Vi, Vi, Vj and V}, are interdependent.
Proof: (=) Suppose for a given constraint Cy such that all
three disjoint subsets V7, V; and Vi such that S(Cy) = V; U
Vy U Vg and C; satisfies GID but for some V; € Vi, V; € V;
and Vi, € Vg, V;, V; and V}, are not interdependent. So there
is a v;,v; € D, vj,v; € Dj and vy, vy, € Dy such that

o (vi,v5,0x) € R(CO)[{Vi, Vj, Vi }]

o (vi,v},vp) € R(Co)[{Vi, V;, Vi }] and

o (viv5,08) € R(C{Vi, V5, Va}]) (or (vj,05,v;) €

R(Co)[{Vi, V5, Vi 1D
In this case, it is imperative that v; of the first tuple (v;, v;, vy)
belongs to a vy and v; of the second tuple (vi,v;,v;c) be-
longs to 1/1 which is different from vy, otherwise Vj, V;
and Vi are not general interdependent. For this, there are
VU, Uhy € Dy (Vi € V) such that v [{V;, Vin}] = (i, vi)
and v} [{Vi, Vi }] = (v}, vs,). If we consider another partition,

re. Vi =V — {Vm} and V; = V;U {Vm}, Vi, Vy and Vi
are not general interdependent which is impossible because it
contradicts our assumption.
(<) Suppose for a given constraint C; that there are three
disjoint subsets V7, V; and Vi (with S(Cy) = V;UV; U Vi)
which are not general interdependent although V;, V; and Vj,
are interdependent for all V;, V;, Vi, € S(Cy). Then, vy, v} €
R(Co)[V], vy, vy € R(Co)[Vy] , vk, v € R(Cy)[Vk] in
such a way that

. (UI,UJ,UK) € R(Og),

o (vr,v,v%) € R(Cy) and

o (U], 0, vK) € R(Cy) (or (vh,vs,vg) € R(Cy))
vy # vy = 3V; € V; such that v;[{Vi}] # vi[{Vi}], we
denote v; = vr[{V;}] and v; = v} [{V;}]. Similarly, we obtain
v; = vsl{Vi}]. o} = o) [{V}] and v = vgc[{V3,}] and v}, =
Vi [{Vi}]. This implies that

o (Uia Vs, Uk) € R(Cf)[{via Vj? Vk}]?

* (U,’, Ué'vvllc) € R(CZ)[{Via er Vk}] and

o (v, vj, 0x) € R(Co)[{Vi, Vj, VieH.
Thus, V;, V; and V}, are not interdependent which contradicts
our assumption. O

V. COMPARISON BETWEEN THE TWO RULES

Here we prove that our two rules are different and there is
implication between these two properties.

Property 6: Interdependency and multivalued dependency
are incomparable.
Proof: To show that ID and MvD are incomparable, it suffices
to illustrate an example of a constraint which satisfies these
two rules and two others such that each one satisfies only one
rule.

R(Cy) R(C)) R(CY)
Vil Vil Vi VilVil Ve VilVilVk
Vi Vj Vi (% Uy Vi Vi vj Vi
O v | V| vy v | V)| vy,
vy | oy v | vy | vy v | vy | v
7ol vl ] ok v | V| vk v | V| g
v | v | vk

In the tables above, the constraint C} satisfies ID but not
MvD (V; 4 Vi, Vi, V; # Vi,V and Vi, A Vi, V), C)
satisfies MvD but not ID and C7’ satisfies both MvD and ID. O

Even when a given constraint Cy is decomposable by the
multivalued dependency rule and with respect to all variables
in the constraint scope, we cannot deduce anything about
decomposing by the interdependency rule.

VI. WHAT ABOUT GLOBAL CONSTRAINTS?

On the one hand, we can see that the link with tractability
mentioned in our paper can be compared to the notion of
transformation used in [15] but this notion does not allow
constraint decomposition. Previously, several works (like [21],
[22]) have studied the decomposition of non-binary constraints
and they are based on some other rules which sometimes



are inspired from Relational Data Base Theory. On the other
hand, several works have studied decomposition methods and
specially for global constraints. For reasons of space, we will
treat only the case of the All-Different constraint [23]. As in
most of the cases, we consider that variable domains are all
the same and therefore v; = v; = vy, and v] = v} = v}, etc.
Previously, some works (like [24]) have proved that an All-
Different constraint can be decomposed into a clique of binary
ones. Here, we show that All-Different constraints are not
decomposable neither by using the multivalued dependency
rule nor by considering the interdependency rule except when
all the variables in the scope are trivalent.

Theorem 6: All-Different constraints are not decomposable
by considering the multivalued dependency rule.
Proof: Given a constraint C; with S(Cy) = {V;,V;, Vi }, if
we have (v;,v},v))) € R(Cy) and (v;, v}, v;) € R(Cy), we
must have (v;,v},v;) € R(Cy) and (vi,v],vy) € R(Cy)
in order that Cy is decomposable. But we know that this is
impossible because of the assignment of the same value to
two different variables in the same tuple (by definition of the
All-Different constraint). O

Theorem 7: Any ternary trivalent All-Different constraint is
decomposable by considering the interdependency rule.
Proof: Any constraint Cp, with S(C;) = {V;,V;,Vi}
is  perfectly decomposable because if we have
(vi,v5,v) € R(Cy) and (v;,v7,v;) € R(Cp) then it
is impossible that a value v;” € D; exists such that
(vf",v5,v,) € R(Cy) and (vf",v7,v))) € R(C;) because
| Di |=| Dj |=| Dy, |= 3, vj and v}, are equal and they cannot
appear in the same tuple (by definition of the All-Different

constraint). O

Except this case, All-Different constraints does not satisfy
interdependency. To prove it, we have just to consider a ternary
All-Different constraint s.t. each variable in its scope have a
domain of size 4. This constraint must allow (0, 1, 2), (0,2, 3)
and (0,1, 3) which makes it non-interdependent.

VII. CONCLUSION

In this paper, we have introduced some new rules for
checking if a non-binary constraint is decomposable. The first
rule, called multivalued dependency, is based on a notion
introduced previously in Relational Database Theory by Fagin.
The second, called interdependency, is introduced for the
first time and defines a relation of dependency between the
combination of values allowed by the constraint. For the
ternary case, we have shown that both multivalued dependency
and interdependency are interesting from a practical point of
view since the number of converted instances is large and all
such instances belong to known tractable classes such as BTP
and DBTP. There are many perspectives for further research.
The first is to check if our study could be used to decompose
global constraints. It could also be interesting to define the case
when a partition of the variables in the scope for which a given
constraint is decomposable could be found in polynomial-

time? Do these converted CSP instances belong to known
tractable classes or do they define new tractable classes?
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